We investigate the anisotropy in turbulent convection in a 3D box using direct numerical simulation. We compute the anisotropic parameter A = u 2 ⊥ /(2u 2 ), where u ⊥ and u are the components of velocity perpendicular and parallel to the buoyancy direction, the shell and ring spectra, and shell-to-shell energy transfers. We observe that the flow is nearly isotropic for the Prandtl number Pr ≈ 1, but the anisotropy increases with the Prandtl number. For Pr = ∞, A ≈ 0.3, thus anisotropy is not very significant even in extreme cases. We also observe that u feeds energy to u ⊥ via pressure. The computation of shell-to-shell energy transfers reveals that the energy transfer in turbulent convection is local and forward, similar to hydrodynamic turbulence. These results are consistent with the Kolmogorov's spectrum observed by Kumar et al. [Phys. Rev. E 90, 023016 (2014)] for turbulent convection.
I. INTRODUCTION
Kolmogorov's theory of turbulence [1] [2] [3] describes the flow properties of hydrodynamic turbulence under the assumption of homogeneity and isotropy of the flow. This approximation is valid for idealized flows having no external fields or confining walls. Most practical flows however involve external fields and walls, hence they could have significant anisotropy, and their behaviour could differ from Kolmogorov's theory. Some of the examples of anisotropic turbulent flows are magnetohydrodynamic (MHD) turbulence [4] , rotating turbulence ( [5] and references their in), quasi-static liquid-metal flows [6] [7] [8] [9] , turbulent convection [10] , and rotating convection [11] . In this paper we will study anisotropy in turbulent convection.
Group theory is used to characterize properties of system obeying certain symmetries. Lohse and Müller-Groeling [12] , Kurien and Sreenivasan [13] , and Biferale and Procaccia [14] expanded the velocity correlation function of isotropic hydrodynamic turbulence using spherical harmonics; under this expansion, the correlation function is spherically symmetric only to the lowest order.
Experiments and numerical simulations (see review [14] for references) reveal presence of higherorder terms of SO(3) decomposition in the velocity correlation function, thus they demonstrate deviations from the spherical symmetry, a signature of anisotropy. However, the external gravitational field of the RBC breaks the isotropy of the system and the equation. Thus, the degree of anisotropy in RBC is expected to be larger than that in isotropic hydrodynamic turbulence.
Biferale et al. [15] studied anisotropy in the small-scale turbulence of convection and random Kolmogorov flow using structure function. They showed that the anisotropic scaling properties of these two systems are reasonaly similar.
Rayleigh-Bénard convection (RBC) is a popular model for studying convective flows [16] [17] [18] .
RBC is quantified using two parameters: Rayleigh number Ra, which is a measure of the ratio of buoyancy and dissipative force, and Prandtl number Pr, which is the ratio of the kinematic viscosity and thermal diffusivity. The flow becomes turbulent at large Ra, but it is viscous at very large Pr. In this paper we study anisotropy in RBC for a wide range of Pr, from very small value to infinity.
Researchers have attempted to quantify anisotropy in turbulent flow using several parameters.
Shebalin et al. [4] proposed a measure for a quantity Q in two-dimensional magnetohydrodynamic turbulence. Some authors (e.g., Sagaut and Cambon [5] and references therein) used Craya decomposition to quantify toroidal and poloidal components of a vector field. Teaca et al. [19] decomposed the Fourier space into rings and studied energy contents in them, which provides information about the angular dependence of the energy. They also studied energy exchanges among such rings. For quasi-static MHD, Favier et al. [6] [7] [8] analyzed anisotropy by studying the ratio of the energies of the transverse and parallel components; they quantified the finer details of anisotropy in terms of polar angles using the toroidal and poloidal decomposition [5] . Delache et al. [20] performed similar analysis for rotating turbulence. Reddy and Verma [9] and Reddy et al. [21] studied quasi-static MHD using wavenumber rings, and showed how energy is transferred from the parallel component of velocity to the perpendicular component of velocity via pressure.
Anisotropy in RBC has not been studied in detail. In one of the works, Rincon [10] derived the SO(3) decomposition of structure functions analytically and then computed them numerically.
He showed that the third-order structure function (∆θ) 2 ∆u appearing in the Yaglom equation exhibits a clear scaling exponent of unity for a small range of scales. He argued that buoyancy can deviate the energy spectrum from the Kolmogorov's 5/3 power law. Kunnen et al. [11] showed that rotation enhances anisotropy in turbulent convection, with centre plane being rod-like, while the region near the top plates being nearly isotropic. Biferale et al. [15] quantified anisotropy in the small-scale turbulence of RBC by decomposing the structure function using spherical harmonics.
Another class of buoyancy-driven flows is Rayleigh-Taylor instability (RTI) [22, 23] that has a very similar instability mechanism as RBC (heavy fluid on top of lighter fluid). Cabot and Zhou [24] and other researchers studied anisotropy for RTI. Unstably stratified homogeneous turbulence (USHT) is a class of RTI in which the integral length of turbulence is much smaller compared to the mixing zone width. Soulard et al. [25] and Burlot et al. [26] studied the phenomenology, spectral modelling, and anisotropy of USHT. In the Conclusions and Discussions section, we contrast the observed anisotropy of RBC and USHT.
In this paper, we perform direct numerical simulation (DNS) of turbulent and laminar RBC flows in a box for different values of Pr and Ra and quantify anisotropy in turbulent convection using several measures. We use anisotropy parameter A = u 2 ⊥ /(2u 2 ), where u ⊥ and u are the components of velocity perpendicular and parallel to the buoyancy direction respectively. Next we use ring spectrum to differentiate the energy contents at different polar angles in the Fourier space.
Our simulations reveal nearly isotropic flows, specially for Pr ≈ 1. After this we compute the energy flux and shell-to-shell energy transfers, and show them to be quite close to those observed in hydrodynamic turbulence. Energetically u is accelerated by buoyancy. We show using energy transfer computation that u feeds energy to u ⊥ via pressure.
The outline of the paper is as follows: In Sec. II, we discuss the equations governing the dynamics of Rayleigh-Béndard convection. In Sections III and IV, we describe respectively the frameworks of anisotropic energy distribution and anisotropic energy transfers used in this paper. We detail the numerical simulations in Sec. V, and numerical results of energy spectra and energy transfers in Secs. VI and VII respectively. Finally, we conclude in Sec. VIII.
II. GOVERNING EQUATIONS
The dynamical equations that describe RBC under Boussinesq approximation are [27] 
where u is the velocity field, θ and σ are the temperature and pressure fluctuations from the conduction state respectively, andẑ is the buoyancy direction. Here α is the thermal expansion coefficient, g is the acceleration due to gravity, and ρ 0 , ν, κ are the fluid's mean density, kinematic viscosity and thermal diffusivity respectively. We consider fluid between two horizontal plates that are separated by a distance d. The temperature difference between the two plates is ∆.
We nondimensionalize Eqs. (1-3) using d as the length scale, (αg∆d) 1/2 as the velocity scale, and ∆ as the temperature scale, which yields,
The two nondimensional parameters are the Prandtl number
and the Rayleigh number Ra = αg∆d 3 νκ .
We solve the aforementioned equations using pseudospectral method in Fourier space. In our simulations, for the velocity field, we employ the free-slip boundary condition at all the walls.
However, for the temperature field, we employ conducting boundary condition at the top and bottom plates, but insulating boundary condition at the side walls.
The buoyancy accelerates a fluid parcel alongẑ, hence it is expected to induce anisotropy in the flow. Surprisingly, the induced anisotropy is not very significant. In the next two sections we will describe tools to characterize the anisotropy in RBC.
III. QUANTIFICATION OF ANISOTROPIC DISTRIBUTION OF ENERGY IN RBC
In this section, we discuss the anisotropy measures in RBC. One such measure is the anisotropy parameter A defined as [9] A
Here . represents averaged quantity per unit volume. For an isotropic flow, u 2 x = u 2 y = u 2 z , hence A = 1. In RBC, u 2 x = u 2 y < u 2 z because buoyancy preferentially accelerates the flow alongẑ. Therefore, A < 1 for RBC.
We quantify the energy at different length scales using the shell spectrum, which is defined as
is the sum of the energy of all the Fourier modes [û(k )] in a given shell of radius k and unit width.
Thus E(k) masks the anisotropic features of the flows. For anisotropic flows, we divide a shell into rings as shown in Fig. 1 . Here each shell is divided into rings that are characterized by two indices-the shell index k, and the sector index β [9, 19] . We name the rings containing ζ = 0 and ζ = π/2 as the polar and the equatorial rings respectively. The gravitational field is aligned along ζ = 0. The energy spectrum of a ring, called the ring spectrum, is defined as
where ∠k is the angle between k and the unit vectorẑ. The sector β contains the modes between the angles ζ β−1 to ζ β is shown in Fig. 1(b) . For a uniform ∆ζ, sectors near the equator contain more modes than those near the poles. To compensate the above, we divide the sum k |û(k )| 2 /2
by the factor C(β) given by
We obtain further insights into the physics of convection by computing the ring spectra of the perpendicular and parallel components of the velocity:
where u = u ·ẑ and u ⊥ = u − u ẑ. Clearly, the ring spectrum for the total energy E(k, β) =
We can also define energy contents of a sector β as
We will compute the above spectra for RBC with various Prandtl and Rayleigh numbers. We also quantify the anisotropy using Legendre polynomials. For the same, we expand the ring spectrum of the total energy using Legendre polynomials.
Earlier Shebalin et al. [4] quantified anisotropy for a quantity Q in two-dimensional magnetohydrodynamic turbulence using angle θ Q that is defined as
In three dimensions, the above formula generalizes to
measure of Shebalin et al. [4] .
IV. FORMALISM OF ENERGY TRANSFERS IN RBC
The nonlinearity in fluid flows induces energy transfers among Fourier modes. In threedimensional hydrodynamic turbulence, it is known that the energy transfers are forward (from low-wavenumber shells to higher-wavenumber shells) and local (maximal transfer to the neighbouring shell). In this paper we will investigate whether turbulent convection has a similar behaviour.
We also propose several formulae that capture anisotropic energy transfers in RBC. In the first two subsections, we discuss the energy flux and shell-to-shell energy transfers that describe the isotropic energy exchanges. In the next two subsections, we describe the ring-to-ring energy transfers and energy exchange between the parallel and perpendicular components of the velocity field.
A. Energy flux
Using Eqs.
(1,2) we derive the equation for the kinetic energy in RBC, which is
where T (k) is the energy transfer rate to the shell k due to nonlinear interactions, F (k) is the energy supply rate to the shell due to buoyancy, and D (k) is the viscous dissipation rate, which are defined as
where and * represent the real part and the complex conjugate of a complex number respectively.
The nonlinear interaction term T (k) leads to energy transfers among modes leading to a kinetic energy flux Π (k 0 ), which is defined as
Physically, Π(k 0 ) represents the net energy transfers from the modes inside the wavenumber sphere of radius k 0 to modes outside the sphere [28] .
The energy flux Π(k 0 ) is computed using the Fourier space data by employing the mode-to-mode energy transfer [29, 30] . In this framework, we can compute the energy transfers among Fourier modes within an interacting wavenumber triad k, p, q. Note that these wavenumbers satisfy a relation k = p + q. Here, the rate of energy transfer from the velocity mode u(p) to the velocity mode u(k) with the velocity mode u(q) acting as a mediator is
where represents the imaginary part of a complex number. In terms of the above formula, the energy flux is
The energy flux provides energy emanating from a wavenumber sphere. A more detailed picture of the energy transfers is provided by the shell-to-shell energy energy transfers that will be discussed in the next subsection.
B. Shell-to-shell energy transfers
We divide the wavenumber space into a set of wavenumber shells. The shell-to-shell energy transfer rate from the velocity field of the mth shell to the velocity field of the nth shell is defined as [29, 30] 
In Kolmogorov's theory of hydrodynamic turbulence, the maximum shell-to-shell energy transfer occurs from shell m to shell (m + 1), hence the energy transfer in hydrodynamic turbulence is local and forward. We will explore using numerical simulations whether the energy transfer in RBC is local and forward.
Unfortunately both the aforementioned measures of energy transfers do not capture the anisotropic effects since the energy flux and shell-to-shell energy transfers provide averaged values over the polar angle ζ. In the next two subsections we quantify anisotropic energy transfers using ring-to-ring energy transfers and the energy exchange between the perpendicular and parallel components of the velocity field.
C. Ring-to-ring energy transfers
As discussed in Sec. III, the Fourier space is divided into rings. The nonlinear interactions among the Fourier modes induce energy transfers among the rings. The ring-to-ring energy transfer from
These calculations for all m and n's are very detailed and time-consuming since they involve a large number of rings.
D. Energy exchange between perpendicular and parallel components of the velocity field
Since buoyancy accelerates a fluid parcel along the vertical direction (ẑ), the energy of the parallel component of velocity (E = u 2 /2 or u 2 z /2 ) exceeds the energy of any of the two horizontal components ( u 2 x /2 or u 2 y /2 ). The horizontal components of the velocity however is forced by the pressure gradient and the viscous force, the latter being a dissipative. We show below how u feeds energy to u ⊥ .
Following the procedure used by Reddy et al. [21] , the energy equations for the perpendicular and parallel components of the velocity field are as follows:
where
Reddy et al. [21] showed that S ⊥ (k |p| q) as well as S (k |p| q) are invidually conserved in a triadic we can define energy fluxes of the perpendicular and parallel components of the velocity field as
It is important to note that there is no direct energy transfer from the parallel component to the perpendicular component, i.e., the nonlinear transfer does not have terms of the type [û * ⊥ (k)·û (p)] (which would anyway vanish since they are perpendicular to each other).
The energy equations [Eqs. (25, 26) ] reveal that E ⊥ receives energy from E by an amount
That is, the energy gained by the perpendicular componentû * ⊥ (k) via pressure is equal and opposite to the energy lost by the parallel counterpart. The pressure aids the energy exchange between the perpendicular and parallel components of velocity field. The total flux Π is the sum of Π ⊥ and Π .
We will study the above transfers for RBC in Sec. VII using numerical data. In the next section we will describe simulation details.
V. SIMULATION DETAILS
We perform direct numerical simulation of RBC in a cube of unit size (aspect ratio one) using a pseudo-spectral solver Tarang [31] . We employ a 512 3 grid for our simulations. The nondimensional equations [Eqs. (4) (5) (6) ] are evolved in time by the fourth order Runge-Kutta method. The CFL (Courant-Friedrichs-Lewy) condition is used for calculating the time step ∆t (a typical value is 0.01), and the 3/2 rule for the dealiasing.
The boundary conditions employed in this work are as follows: free-slip boundary condition for the velocity at all the walls, conducting boundary condition for the temperature at the top and bottom walls, and insulating boundary condition for the temperature at the vertical walls. We remark that the energy spectra and energy transfer studies are best performed in the Fourier space.
The free-slip boundary condition facilitates transformation to the Fourier space quite naturally, in contrast to the no-slip boundary condition for which one needs to invoke Chebyshev polynomials. This is one of the reasons for choosing the free-slip boundary condition for our simulation. Note that the energy spectrum and energy transfers in the bulk of the flow are expected to be similar for the free-slip and no-slip boundary conditions. In Fig. 2 , we show the (horizontal) planar-averaged has a sharp gradient near the walls, and an approximate constant value (≈ 1/2) in the bulk.
We initiate an RBC simulation on a smaller grid and continue it until the steady state is reached.
The final state of this simulation is used as an initial condition for a simulation on a larger grid for a set of larger parameters (Pr and Ra). The final run is performed on 512 3 grid size. The various values of Pr and Ra considered in this work are listed in Table I . In each simulation, the quantity k max η remains greater than unity implying that the simulations are well resolved. Here k max is the maximum wavenumber, and η represents the Batchelor length (η θ ), except for Pr = 0.02, for which η represent the Kolmogorov length (η u ). Since the box size d = 1, the wavenumber k = π(n x , n y , n z ), where n x , n y , n z are integers. Therefore, ∆k x = ∆k y = ∆k z = π, the smallest wavevectors in system are k = π(x +ẑ) and k = π(ŷ +ẑ), and hence k min = π √ 2.
We compute the integral length l, and vertical integral length l z using the formulae:
where k z = k cos ζ with ζ as the mean angle in the sector β. The computed values of l and l z , listed in Table I , are comparable to the box size. Note that l z > l with the maximum l z occurring for Pr = ∞, and minimum for Pr = 1, which is connected to the elongation of the plumes for larger Pr. Thus, the least anisotropic flow occurs for Pr = 1, and most anisotropic one for Pr = ∞. This feature will be discussed in the following sections.
VI. NUMERICAL RESULTS ON ENERGY DISTRIBUTION IN RBC
In this section we describe the energy distribution in turbulent RBC for various Prandtl numbers. In Fig. 3 we exhibit the time series of the steady-state values of E ⊥ /(2E), E /E, and the anisotropy parameter A = E ⊥ /(2E ) for Pr = 0.02, 1, 6.8, 100, and ∞. The average values of A for these parameters are 0.63, 0.73, 0.59, 0.49 and 0.30 respectively (listed in Table I ), consistent with the argument that buoyancy yields u 2 > (u 2 ⊥ /2). These results demonstrate that the flow is least anisotropic (maximum A) for Pr = 1, and most anisotropic (minimum A) for Pr = ∞, consistent with our computations of integral length scales. Note however that in the extreme case, Pr = ∞, E y and E x are approximately 30% of E z . Hence, the flow is not far from isotropy even for extreme cases (large and infinite Prandtl numbers). Table I also lists the total viscous dissipation rate, which is quite small for all our runs.
Next, we compute the energy spectra E(k), E ⊥ (k), and E (k) for Pr = 0.02, 1, 6.8, ∞. We observe that E (k) > E ⊥ (k)/2 for all the cases, with the divergence between E (k) and E ⊥ (k)/2 being maximum for Pr = ∞ (see Fig. 4 ). For a small inertial range, we observe E(k) ∼ k −5/3 for Pr = 0.02, 1, 6.8, and E(k) ∼ k −13/3 for Pr = ∞, consistent with the earlier results of Kumar et al. [32] and Pandey et al. [33] respectively. The power-law regime is rather small due to relatively smaller grid resolutions in our simulations.
To explore whether the flow is homogeneous and isotropic, we take various horizontal and range. In Fig. 5(a,b) we present these spectra for Pr = 1, Ra = 10 8 . The plots nearly overlap with each other, thus demonstrating near homogeneity and isotropy of the flow.
In Fig. 6 we plot the anisotropic parameter A(k) = E ⊥ (k)/(2E (k)) vs. k that quantifies the scale-by-scale anisotropy. We observe that for large k, A(k) ≈ 1 for Pr = 0.02, 1. For large and infinite Pr, A(k) 1 with A(k) decreasing with k after k > 50 or so. Thus, the flows with large and infinite Pr are strongly anisotropic at small scales (k 1), a feature related to the thin plumes.
We will revisit this aspect while discussing the ring spectrum.
Now we compute the ring spectra E(k, β), defined in Sec. III, for various Prandtl numbers. For this we have divided the Fourier space into shells of unit radius from k = 0 to k max = πN (grid size = N 3 ), and 20 sectors with ∆ζ of 4.5 degrees each. In Fig. 7 we exhibit the ring spectra for (c) have uniform structures along z but strong variability along the horizontal (due to their thin structures). The other regime k ⊥ k has u ⊥ u that corresponds to the horizontal flow near the top and bottom plates. Thus, the incompressibility plays a major role in the determination of anisotropic structures in RBC.
To highlight the angular dependence of the ring spectrum, in Fig. 8 we plot the energy in the sector β, E(β), E ⊥ (β), and E (β) as a function of ζ [refer to Eq. (15)]. The plots indicate a peak in these spectra near ζ = π/4, consistent with the fact that the maximum of the energy spectrum occurs near the diagonal region. We also observe strong E ⊥ (k, β) and E (k, β) for ζ ≈ 0 and ζ ≈ π/2 respectively, consistent with item (2) discussed above.
We can also quantify anisotropy by expanding E(k, ζ) using Legendre polynomials as
For isotropic distribution, we expect a 0 = 0, while the other a l should be relatively small. However for the strongly anisotropic flows, the amplitudes of a l for higher l's dominate a 0 . See for example, quasi two-dimensional flow of quasi-static magnetohydrodynamic flow reported by Reddy and Verma [9] . We compute a l by inverting Eq. (37) for a particular wavenumber in the inertial range. We find that the a l for odd l's nearly vanish due to ζ → π − ζ symmetry. In Fig. 9 we plot |a l | vs. l; these coefficients have similar amplitudes indicating deviations from isotropy. Stronger values of E(k, ζ) near the equator and polar regions are due to the nonzero values of a l with l > 0.
Note however that a l for large l is not very large compared to a 0 [9] , hence the flow is not strongly anisotropic. Our description of anisotropy in the ring spectrum using Legendre polynomial is complimentary to that of Biferale et al. [14, 15] who quantify anisotropy using structure function.
In summary, the flow in RBC is weakly anisotropic with the anisotropy parameter E ⊥ /(2E ) bounded between 0.30 and 0.73. The anisotropy is the strongest for Pr = ∞, and weakest for Pr ≈ 1. In the Fourier space, the energy contents is maximum when k ≈ k ⊥ .
In the next section, we will describe the properties of energy transfers in RBC.
VII. NUMERICAL RESULTS ON ENERGY TRANSFERS
As discussed in Sec. IV, the energy transfers in RBC can be quantified using the energy flux, the shell-to-shell energy transfers, the ring-to-ring energy transfers, and the energy transfer from the parallel component of velocity to the perpendicular component of velocity. We start with the computation of the shell-to-shell energy transfers.
We divide the Fourier space into 18 concentric shells with their centres at k = (0, 0, 0). The inner and outer radii of the nth shell are k n−1 and k n respectively with k n = (0, 2, 4, A, E, E , E A, E, E , E inertial range have been binned logarithmically keeping in mind the powerlaw physics observed here. Note that the Kolmgorov's theory of hydrodynamic turbulence predict local interactions among the logarithmically binned shells [30] . The ratio k n /k n−1 ≈ 1.36 has been chosen small enough to ensure a fairly refined analysis of the shell interactions. The first three shells however have wider width since they have small number of modes. In this paper, we attempt to test the locality hypothesis for RBC. We compute the shell-to-shell energy transfers among all the shells using a technique proposed by Dar et al. [29] and Verma [30] . We perform this analysis for Prandtl numbers 0.02, 1, 6.8, and 100. Note that the nonlinear term u · ∇u is absent for Pr = ∞.
In Fig. 10 we exhibit this transfer using a density plot of T m n , where m along the y axis is the giver shell index, and n along the x axis is the receiver shell index. We observe that the most dominant energy transfer is among shells m−1, m and m+1; the mth shell gives energy to (m+1)th shell, and receives energy from the (m − 1)th shell. Since the maximal energy transfer is to the neighboring shell with a larger index, we conclude that the shell-to-shell energy transfer in RBC is forward and local, very similar to that observed in hydrodynamic turbulence. This observation is consistent with the results of Kumar et al. [32] that the turbulent RBC exhibits Kolmogorov energy spectrum (∼ k −5/3 ). We also observe a small nonlocal energy transfer from the third shell to the shells n = 4 : 10. This is possibly due to the correlations between the energy-containing large-scales structures and the velocity field at smaller length scales.
Next, we investigate the energy fluxes Π(k), Π ⊥ (k), and Π (k) of RBC. We compute the energy fluxes for spheres with radii 1, 2, 3, ..., 1000. We observe positive values for all the fluxes, indicating a forward energy cascade. We also observe a nearly constant flux in the inertial range, similar to that observed by Kumar et al. [32] . These observations are consistent with the forward and local shell-to-shell energy transfers discussed above. We observe that Π (k) < Π ⊥ (k) for Pr = 0.02, 1, and 6.8. But Π (k) > Π ⊥ (k) for Pr = 100 is due to dominance of u over u ⊥ (see Fig. 11 ). Note that the fluxes vanish for Pr = ∞ due to absence of the nonlinear term u · ∇u.
As described in Sec. IV D, u (k) loses energy to the larger wavenumber modes due to nonlinear cascade, but also to u ⊥ (k) via pressure [see Eqs. (25) (26) ]. In Fig. 12 , we plot the energy supply rate due to buoyancy, F (k), the dissipation rate, D(k), and the energy transfer rate from u ⊥ (k) to u (k) via pressure, P (k). As shown in Fig. 12 , F (k) > 0 indicating a positive energy feed to the kinetic energy by buoyancy [32] . Naturally D(k) > 0 due to viscous dissipation. The figures shows that P (k) < 0, hence P ⊥ (k) = −P (k) > 0, a demonstration that the energy is transferred from u (k) to u ⊥ (k) via pressure. For some of the wavenumbers, u (k) receives energy from u ⊥ (k) (P (k) > 0), which is due to the random nature of turbulence. Another noticeable behaviour is relatively smaller values of P (k) for Pr = 100, which is due to the dissipative nature of the flow (smaller u).
The results on energy transfers are consistent with those of anisotropic energy distribution discussed in Sec. VI. In this paper, we have not performed ring-to-ring energy transfers since they are very expensive to compute.
VIII. CONCLUSIONS AND DISCUSSIONS
In this paper we study the anisotropy in turbulent RBC for a wide range of Prandtl numbers, from very small value (0.02) to infinity. Our conclusions are based on high-resolution numerical simulations of RBC at high Rayleigh numbers (∼ 10 6 and 10 8 ). We quantify the anisotropy by Our results show that the flow in RBC is nearly isotropic. Our main conclusions are as follows:
1. The velocity component along the buoyancy direction is stronger than both the perpendicular components. However, the difference is not very significant. For Pr = 1, A = E ⊥ /(2E ) is maximum with a value of 0.73, hence E x and E y are approximately 70% of E . Thus the flow is quite close to being isotropic for Pr = 1. RBC is most anisotropic (A ≈ 0.30) for Pr = ∞, but here too E x and E y are approximately 30% of E . The aforementioned nature of anisotropy is also reflected in the energy spectra E (k) and E ⊥ (k).
2. Our study of ring spectrum shows that for Pr = 1, RBC is nearly isotropic. We observe that the deviations from isotropy is strongest in the diagonal region of the Fourier space (k ⊥ ≈ k ). The reason for the isotropy is possibly due to an approximate cancellation of F (k) (the energy feed due to buoyancy) and D(k) (the viscous dissipation). This feature leads to a constant energy flux, as in hydrodynamic turbulence [32] .
3. For large and infinite Prandtl number, for which anisotropy is maximal, u ⊥ is strong near the polar region (ζ ≈ 0) of the Fourier space, while u is strong near the equator (ζ ≈ π/2). In this parameter regime, u dominates u ⊥ , and it has a quasi-uniform structure along z;
these results are consistent with the features of thin plumes.
4. The reason for variation of anisotropy with Prandtl number is due to the plume structures.
For large and infinite Prandtl number RBC, the plumes are thin, and u is stronger than u ⊥ , consistent with the earlier observations by Hansen et al. [34] . The plumes tend to spread out for lower Prandtl numbers. Still u > u ⊥ due to buoyancy. As a result A = E ⊥ /(2E ) < 1 for all Prandtl numbers, but it monotonically decreases with the increase of the Prandtl number.
5. We computed the shell-to-shell energy transfer among the shells in the Fourier space. We show that the energy transfer is local and forward, very similar to that observed for hydrodynamic turbulence (in accordance to Kolmogorov's theory). This is consistent with the spectral studies of Kumar et al. [32] where they show that RBC exhibits Kolmogorov's spectrum as in hydrodynamic turbulence. Our studies also show a small nonlocal energy transfer from the third shell (corresponding to the large-scale convection rolls) to shells n = 4 to 10.
The energy flux is positive and constant in the inertial range, consistent with the forward and local shell-to-shell energy transfers, a feature similar to that of hydrodynamic turbulence.
6. Buoyancy feeds energy to the parallel component of velocity, u . We show a net energy transfer from u to u ⊥ . This transfer, that occurs via pressure, maintains the steady state of u ⊥ .
We remark that the anisotropy in RBC could depend on the boundary condition and geometry (box or cylinder). Yet, the extent of anisotropy is expected to be approximately similar to the results presented in this paper. This is because most of the energy of the flow resides in the bulk (away from the boundary layer). The anisotropy studies in the boundary layer is beyond the scope of this paper.
It is also important to compare anisotropy in various buoyancy-driven flows. In the present paper we showed that for RBC, E ⊥ /(2E ) varies from 0.30 (for Pr = ∞) to 0.73 (for Pr = 1). Thus, RBC is nearly isotropic for the range of Prandtl numbers from 0.02 to ∞. The other features such as ring spectrum and shell-to-shell energy transfers also exhibit isotropy in RBC. The anisotropy in Rayleigh-Taylor instability (RTI) varies with time during the growth of instability [24] . However in the steady state, the behaviour of RTI is quite similar to RBC, e.g., E is approximately three times that of E x [24] . Some of the anisotropy features of Unstably Stratified Homogeneous Turbulence (USHT) are similar to that of RBC, albeit at smaller scales. In particular, Verma et al. [35] showed that the Richardson number for RBC is Ri ≈ 16 leading to Froude number Fr = 1/ √ Ri ≈ 0.25, which is reasonably close to the saturated value of the Froude number of Burlot et al. [26] (see Fig. 10 of Burlot et al. [26] ).
Some of the tools discussed in the paper apply to other systems with external forcing, for example, rotating turbulence [5] , magnetohydrodynamic flows [4, 19] , quasi-static magnetohydrodynamics [6] [7] [8] [9] 21] , and rotating convection [11] . Another notable and useful tool for studying anisotropy is the toroidal and poloidal decomposition of the velocity field [5] [6] [7] [8] . These studies provide valuable insights into such flows, but more needs to be done, specially at high resolutions.
The present paper does not include discussion on the ring-to-ring energy transfers, as well as on the entropy spectrum (|θ(k)| 2 ) and entropy transfers for the temperature fluctuations. These results will be presented in future. In this paper we detail the anisotropy in the whole fluid, which is essentially dominated by the bulk flow. Quantification of anisotropy in the boundary layer will be very useful for understanding and modelling the boundary layer. Thus we conclude our discussion on the anisotropy quantification in RBC.
